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The energy conversion efficiency of far-from-equilibrium systems is generally limited by irreversible
thermodynamic fluxes that make contact with different heat baths. For complex systems, the states
of the maximum efficiency and the minimum entropy production are usually not equivalent. Here
we show that the proper adjustments of the interaction between the energy and matter currents
offer some important criteria for the performance characterizations of thermal agents, regardless
of the system types and transition protocols. The universal thermodynamic coupling rule plays a
critical role in irreversible processes. A double quantum dot system is applied to demonstrate that
the performances of heat engines or refrigrators can be enhanced by suitably adjusting the coupling
strength between thermodynamic fluxes.
For open inhomogeneous systems, the thermodynamic
process driven by a temperature difference between two
heat baths is generally irreversible. At a stationary state,
the entropy production rate σ is greater than or equal
to zero, which is exactly balanced by the entropy flow
through the terminals [1–3]. If σ = 0, the performance
of the engine (refrigerator) reaches its limit and the ef-
ficiency [coefficient of performance (COP)] will be equal
to the Carnot value [4–6]. However, since all complex
natural processes are irreversible, the minimum entropy
production rates have been found inefficiently to ensure
the maximum efficiency and COP [7, 8].
Pietzonka et al. proved that a universal trade-off
among the power, efficiency, and constancy exists in non-
equilibrium heat engines [9, 10]. Whitney found that the
maximum efficiency of an irreversible device occurs when
the system lets all particles go through in a certain trans-
mission window, but none at other energies [11]. Benenti
et al. pointed out that the upper bound of the maxi-
mum efficiency of a thermoelectric generator is reached
when the figure of merit ZT → ∞. This limit corre-
sponds to the tight coupling condition, for which the
Onsager matrix becomes singular and therefore the ra-
tio of the heat current to the electric current is indepen-
dent of the applied thermodynamic forces [12–14]. The
strong coupling condition can be obtained for a nanoth-
ermoelectric device consisting of a single quantum level
[15, 16]. More generally, the dissipative thermodynamic
fluxes rely on the temperature and chemical potential
gradients [17–20]. It is unlikely to identify two quanti-
ties involving proportional relationships. The question
arises as to whether there are universal principles rele-
vant to the thermodynamic fluxes and forces that provide
ways to the maximum efficiency and COP of far-from-
equilibrium systems.
Here, we present a novel criterion for attaining the
upper bound for the efficiency (COP) of any heat en-
gine (refrigerator) running between two heat baths. Our
main result is that the connection between the energy
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and matter currents is suitable for the performance char-
acterization of thermal agents regardless of the system
types and transition protocols. Tracing from the master
equation, we start with the analysis of the entropy and
the statistics of energy and matter transfers. Results will
show that the most convenient optimization technique is
to alter the coupling strength of thermodynamic fluxes.
An interacting double quantum dot (DQD) system will
be used to verify our predictions.
For a non-degenerate system weakly coupled to differ-
ent environmental modes, the dynamics of the popula-
tions satisfies a rate equation
P˙ i =
∑
j
LijPj =
∑
j
∑
v
L
(ν)
ij Pj , (1)
where Pi is the probability of finding the system in the
eigenstate |i〉, Lij describes the transfer rate from state
j to state i, and L (ν)ij is the rate contributed by the
coupling with the reservoir ν. All possible decays of Pi
are contained within the factor
∑
i
∑
vL
(ν)
ii . When an
open inhomogeneous system obeying Eq. (1) is placed
in contact with the hot and cold reservoirs (denoted H
and C), the entropy production rate due to irreversible
processes reads [Supplementary Eq. (S6)]
σ = −βHJ (H) − βCJ (C)
= (βC − βH) I(H)E + (βHµH − βCµC) I(H)M , (2)
where J (ν) = I(ν)E − µνI(ν)M describes the heat current
entering the system from reservoir ν, βν represents the
inverse value of the temperature, and µν is the chemical
potential. The energy current I(ν)E and the matter cur-
rent I(ν)M associated with reservoir ν are positive variables
when flowing into the the system. The second formula
in Eq. (2) has been expressed in terms of the currents
entering the system from the hot reservoir, because both
energy and matter currents are conserved within the sys-
tem, i.e., I(H)E + I
(C)
E = 0 and I
(H)
M + I
(C)
M = 0. On the
basis of Eq. (2), we are able to determine the universal
thermodynamic coupling rule for the systems interact-
ing with two terminals. Consider two reservoirs with the
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2same temperature but at different electrochemical poten-
tials µC − µH = eV ≥ 0, where e is the positive elemen-
tary charge. The transfer of an electron from C to H
increases the entropy of the universe by βeV indepen-
dent of the electron energy. For the general case where
βH < βC and µH < µC , an irreversible process yields
(βC − βH) I(H)E + (βHµH − βCµC) I(H)M ≥ 0 (Section 1
in Supplementary). When electrons spontaneously flow
from H to C, the system behaves as a heat engine. Under
this condition, I(H)M > 0 and the ratio of the energy and
matter currents is bounded by
I
(H)
E /I
(H)
M ≥ Θ, (3)
where Θ = (βCµC − βHµH) / (βC − βH). The efficiency
of the thermal engine expresses the fraction of heat that
becomes useful work, i.e.,
η =
JH + JC
JH
=
µC − µH
I
(H)
E /I
(H)
M − µH
. (4)
If I(H)M < 0, electrons flow spontaneously from C to H,
implying that the ratio I(H)E /I
(H)
M has an upper bound
given by
I
(H)
E /I
(H)
M ≤ Θ. (5)
At this juncture, the system is capable of removing heat
from the lower-temperature reservoir. The COP of the
refrigerator is the ratio of the heat removed from C to
the input work, i.e.,
φ =
JC
JH + JC
=
I
(H)
E /I
(H)
M − µC
µC − µH . (6)
Equations (3-6) reveal that the coupling strength
I
(H)
E /I
(H)
M plays an important role in determining the effi-
ciency and COP of the thermal devices regardless of the
system complexity. The interplay between the energy
and matter currents characterizes the energy conversion
performance of physical and biological systems. η (φ)
is a linear decreasing (increasing) function of I(H)E /I
(H)
M
at given values of µC and µH . The criterion function Θ
simply relies on a set of reservoir parameters. This is
the main result of the present work: by suitably adjust-
ing the coupling strength between the energy and matter
currents, electrons can be transferred nearly reversibly
between two reservoirs with arbitrary temperatures and
electrochemical potentials.
For a quantum dot with a single transition frequency
embedded between two fermionic junctions, the energy
and matter currents exhibit tight coupling properties
[15]. Every electronic jump carries the same amount of
energy ε, yielding the perfect couple situation I(H)E =
εI
(H)
M . At steady state, the entropy production rate turns
into σ = [(βC − βH) ε+ (βHµH − βCµC)] I(H)M , which is
Figure 1. The schematic representation of a double quantum
dot (DQD) system weakly coupled to two fermionic reservoirs
via the rates ΓH/C (origin solid lines). The energy of the left
dot (resp. the right dot) with one-electron occupation is equal
to εL (resp. εR). The electron hops between the left and right
dots with internal tunneling amplitude T (green solid line)
and Coulomb interaction strength U (red dotted line).
directly proportional to the matter current. Supposing
ε = Θ, we are able to find σ = 0 and obtain a reversibe
nanothermoelectric device with the Carnot efficiency or
COP. At this particular transition energy, the tempera-
ture and electrochemical driving forces cancel each other
out, since the two reservoirs behave as if they were in
thermodynamic equilibrium [5]. The probability densi-
ties for electrons are equal on both sides of the transport
channel. This is, however, not the case for a multilevel
system, as the transferred energy depends on a specific
type of jumping. In general, the energy and matter cur-
rents are not in direct proportion and cannot simultane-
ously tend to zero, resulting in a positive entropy produc-
tion rate. Maximum efficiency may not correspond to a
minimal entropy production for irreversible processes.
To reveal the potential application of the thermody-
namic coupling rule mentioned above, we build a DQD
sytem that is weakly coupled to two separate electronic
baths. The DQD (Fig. 1) is modeled by the Hamiltonian
HS = εLd
†
LdL+εRd
†
RdR+T
(
dLd
†
R + dRd
†
L
)
+Ud†LdLd
†
RdR,
(7)
where T denotes the inter-dot tunneling, and U is the
Coulomb interaction [21, 22]. d†L(R) creates one electron
on the L (R) QD with energy εL(R). The Hamiltonian of
the fermionic baths (H and C) is given by
HB =
∑
k
εkHc
†
kHckH +
∑
k
εkCc
†
kCckC . (8)
The interaction between the DQD and the environ-
ment reads
HI =
∑
k
(
tkHdLc
†
kH + t
∗
kLckHd
†
L
)
+
∑
k
(
tkCdRc
†
kC + t
∗
kCckCd
†
R
)
, (9)
3where tkH(C) denote the coupling strengths of the tran-
sitions between the DQD and the hot (cold) elec-
tronic reservoir. The eigenstates of HS are given
by the tensorial product of the individual QD states,
i.e., |0〉 and |1〉. In the increasing energy order,
we have the four eigenstates labeled as |v0〉 = |00〉,
|v−〉 ∝
[− (∆ +√∆2 + T 2) |10〉+ T |01〉], |v+〉 ∝[− (∆−√∆2 + T 2) |10〉+ T |01〉], and |v2〉 = |11〉,
where ∆ = (εR − εL)/2 and ε = (εR + εL)/2. The re-
spective eigenvalues are E0 = 0, E− = ε −
√
∆2 + T 2,
E+ = ε +
√
∆2 + T 2, and E2 = 2ε + U . Using the fun-
damental density matrix equation describing dynamics
of the DQD, we readily obtain the energy current I(ν)E
and the electron current I(ν)M flowing into the the system
from the two leads (as shown in Supplementary in de-
tail). From Eqs. (4) and (6), and Eqs. (S9) and (S10)
in the Supplementary, the thermodynamic irreversibility
and the optimal performances of the DQD system will be
estimated.
All thermal devices between two heat reservoirs are
less efficient than a reversible Carnot cycle operating be-
tween the same reservoirs. The corresponding Carnot
values of reversible heat engines and refrigerators are
ηC = 1− βH/βC and φC = βH/ (βC − βH), respectively.
Figure 2 (a) shows that the curves of the normalized
efficiency η/ηC and COP φ/φC belong to two different
ridges. In the left ridge, where the chemical driving force
is small, the system lies in the regime suitable for heat
moving from the hot side to the cold side, while the elec-
tron flow converts directly a part of heat into electricity.
The system operates as a heat engine and the normal-
ized efficiency η/ηC is shown on the plot for this range.
According to Eq. (4) and Fig. 2(b), the dimension-
less coupling parameter ζ = 0 [i.e., I(H)E /I
(H)
M → ∞] at
V = Vη=0, which is the value of the voltage at the zero ef-
ficiency [Fig. 2(a’)]. The electrochemical potential gradi-
ent becomes dominant in the process of transferring elec-
trons with the increase of the voltage and pumps the heat
against the thermal gradient. Therefore, the right ridge
plots the normalized COP of a refrigerator φ/φC versus
V . There exists a point V = Vφ=0 such that φ/φC = 0
and I(H)E /I
(H)
M = µC , as indicated in Eq. (6) and Fig.
2(a’). In the regions of V ≤ Vη=0 and V ≥ Vφ=0, one can
find a maximum efficiency ηmax/ηC whose corresponding
voltage is Vηmax , and a maximum COP φmax/φC whose
corresponding voltage is Vφmax [Fig. 2(a’)]. In the region
between V = Vη=0 and Vφ=0, the system cannot work as
a heat engine or a refrigerator. The gap between refriger-
ator and heat engine modes in absence of tight coupling
has also been observed beyond the Born–Markov approx-
imation [23, 24].
Figures 2(a) and (b) demonstrate that the character-
istics of the DQD system is inseparably related to the
coupling between the energy and matter currents. The
normalized efficiency and COP have perfect positive cor-
relation with the dimensionless coupling parameter ζ.
When I(H)E /I
(H)
M is tight coupling to the critial value Θ
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Figure 2. (a) The efficiency η/ηC and COP φ/φC (normalized
to the Carnot value) of the non-equilibrium DQD system, (b)
the dimensionless coupling parameter ζ = ΘI(H)M /I
(H)
E , and
(c) the entropy production rate σ as functions of the voltage
V at ε = 6meV (red dashed line), 8meV (black solid line),
10meV (blue dotted line). Figure 2(a’) shows η/ηC and φ/φC
versus V in the range from 2.4 to 2.55mV at ε = 6meV . Fig-
ure 2(c’) displays the entropy production rate σab contributed
by the transition from state b to state a at ε = 6meV . (d) The
contour plot of the efficiency and COP as functions of ε and
V . The parameters βH = 0.5eV , βC = 1eV , ∆ = 0meV ,
µH = 1meV , µC = µH + eV , U = T = 0.1meV , and
ΓH = ΓC = Γ.
given by the reservoir properties, ζ approaches unity, and
η/ηC (COP) reaches its extreme value at Vηmax (Vφmax).
For the DQD system, the nonlinear relationship makes
I
(H)
E and I
(H)
M unable to be zero at the same time. This
difference allows ζ to have one-sided limit that equals
negative or positive infinity as I(H)E approaches 0. In the
limit of a single transition channel, electron and heat
flows are perfectly coupled, since every single electron
carries exactly the same amount of energy. Under this
circumstance, we are capable of establishing reversible
electronic energy transfer between the reservoirs at the
point of I(H)E /I
(H)
M = Θ.
The energy-matter coupling condition offers some im-
portant criteria for determining the performance of non-
equilibrium systems. In order to approach the Carnot ef-
ficiency, the thermodynamic processes must be reversible
and involve no change in entropy. This means that the
4Carnot performance is an idealization, because no real
processes are reversible. Figure 2 (c) illustrates the en-
tropy production rate σ as a function of the voltage V .
Irreversible process is accompanied by the flows of mat-
ter and energy, which always results in some increase in
the entropy. Figure 2(c’) points out that the entropy
production rate is mainly dependent upon the transition
from state |v0〉 to state |v+〉 and from state |v0〉 to state
|v−〉, becasue the population of electrons is an exponen-
tially decreasing function of the transition energy. In the
area between Vη=0 and Vφ=0, σ is actually quite small,
but the device is not able to create a power and cooling
cycle. The entropy production rate in term of an engine
efficiency can be written as σ = J (H)βC
[
ηC − η]. Ob-
viously, when σ = 0, the efficiency η can be shown to
be equal to the Carnot limit ηC . However, σ 6= 0 for ir-
reversible thermodynamic processes in complex systems.
The working conditions of the maximum efficiency and
the minimum entropy production are usually not equiv-
alent, because the relation between σ and η may not be
monotonic in mathematics [indicated in Figs. 2 (a) and
(c)]. At the beginning, the efficiency increases with V .
The efficiency attains its maximum at V = Vηmax . In the
region of Vη=0 > V > Vηmax , σ and η simultaneously de-
creases with V . In addition, it can be observed from Eqs.
(2) and (4) that σ and η can both diminish by reducing
I
(H)
M , when I
(H)
E is constant or changes slowly. The same
phenomenon could be observed in driving an irreversible
Carnot refrigerator. Having a minimal amount of σ does
not mean having the largest COP.
The proper adjustment of the interaction between the
energy and matter currents provides an effective way
to enhance the performance of non-equilibrium systems.
Figure 2(d) depicts the optimization of the efficiency and
COP with respect to the energy level ε and the voltage
V . For a small ε, the electric field is the main driving
force for the heat transfer. At this juncture, a positive
thermal energy leaves the cold reservoir, and a positive
thermal flux enters the hot reservoir. As ε rises, heat
will spontaneously travel from the hot reservoir to the
cold reservoir. The DQD system allows the direct con-
version of heat to electricity. A clear boundary marks an
abrupt shift between the working regions of a heat en-
gine and a refrigerator. This means that the heat engine
or refrigerator cannot work in the region of the abrupt
shift, i.e., V ∈ [Vη=0 , Vφ=0 ] and ε ∈ [εφ=0 , εη=0 ], where
εφ=0 is the value of ε at the zero COP and εη=0 is the
value of ε at the zero efficiency. We also observed that
the more the coupling parameter I(H)E /I
(H)
M approaches
Θ for a given QD energy level, the better the perfor-
mance of the heat engine and refrigerator (Section 3 in
Supplementary). In a practical design, we should make
our best effort to match the energy-matter coupling con-
dition. When ε >> U and ε >> T , all electrons are
tunneling at energy ε. One then recovers the optimal
performance approaching Carnot efficiency or COP [as
indicated in Fig. 2 (d)], because the system behaves like
a thermoelectric machine consisting of a single quantum
level [5, 13, 15]. Similar phenomena can also be observed
under the condition that the inter-dot tunneling ampli-
tude and the electrostatic force are incredibly larger than
the QD energy levels, where the two lowest electronic
states |v0〉 and |v−〉 govern the carrier excitation.
In summary, based on the entropy production rates
of far-from-equilibrium open systems, we prove that the
energy conversion performances of these systems can be
improved by suitably adjusting the coupling strengths
between the energy and matter currents. We apply the
theroy to a DQD sytem that is weakly coupled to two
separate electronic reservoirs and attain its performance
upper bound. The results show that the universal ther-
modynamic coupling rule can open a new feld in the ap-
plication of nano-devices.
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